Statistics of closed paths in two-dimensional systems, which just determines the interference quantum correction to conductivity and anomalous magnetoconductance, has been studied by computer simulation of a particle motion over the plane with randomly distributed scatters. Both ballistic and diffusion regimes have been considered. The results of simulation have been analyzed in the framework of diffusion approximation. They are used for calculation of the magnetic field dependence of magnetoconductance in the model 2D system. It is shown that the anomalous magnetoconductance can be in principle described by the well known expression, obtained in the diffusion approximation, but with the prefactor less than unity and phase breaking which differs from true value.
I. INTRODUCTION
It is well known that the interference of electron waves scattered along closed trajectories in opposite directions produces a quantum correction to the conductivity. An external magnetic field applied perpendicular to the two-dimensional (2D) layer destroys the interference and suppresses the quantum correction. This results in anomalous negative magnetoresistance, which is experimentally observed in many 2D systems. This phenomenon can be described in the framework of quasiclassical approximation which is justified under the condition k F l ≫ 1, where k F is the Fermi wave vector, l is the mean free path. In this case the conductivity correction is usually expressed through the classical quasiprobability for an electron to return to the area of the order λ F l (λ F = 2π/k F ) around the start point [1] [2] [3] [4] 
where σ 0 = e 2 k F l/(2πh), and W stands for the quasiprobability density of return (quasimeans that W includes not only the classical probability density, but the effects of interference destruction due to an external magnetic field and inelastic scattering processes). This expression for backscattering quantum correction is true for arbitrary magnetic field, any anisotropy of scattering and distribution of scatters, and various relationship between phase and momentum relaxation times, τ ϕ and τ , respectively. However, only the case of isotropic scattering and randomly distributed scatters has been studied theoretically in detail. A great number of papers (see Ref. [5] and references in them) was devoted to the study of anomalous magnetoconductance of 2D systems in the diffusion approximation, i.e. when the number of elastic scattering events for the actual paths is very large (the conditions B ≪ B tr and τ ≪ τ ϕ , where B tr =hc/(2el 2 ), are justified). In this case the magnetic field dependence of δσ is determined only by τ /τ ϕ ratio, and does not depend on scattering details, e.g., scattering anisotropy. [6] The calculations of δσ(B) beyond the diffusion limit [3, 7] show that δσ(B) markedly deviates from this theory if the number of collisions is not very large. The role of nonbackscattering contribution to magnetoconductance has been studied in Ref. [4] . This contribution has been found to cause the reduction of scattering at arbitrary angles and, in contrast to the coherent backscattering, the conductivity increasing.
In the diffusion limit the nonbackscattering contribution is negligible small, but in the case of a strong magnetic field B > B tr it should be taken into account.
The investigation of negative magnetoresistance in weak-localization regime is a powerful tool to obtain the information about inelastic scattering processes in electron systems, because it provides a way to determine experimentally the value of phase breaking time.
As a rule, the well known analytical expression obtained in the framework of the diffusion theory is usually used for this purpose [7] ∆σ(b) = δσ(b) − δσ(0)
where
and a is so called prefactor, which is equal to unity according to the theory. For x ≫ 1 ψ(1/2 + x) ≃ ln(x), and the expression (2) coincides with that obtained in Ref. [8] . To analyze experimental data with this expression the values of γ and a are usually used as fitting parameters. This allows to describe the experimental results and determine the phase breaking time.
It should be noted that most of the known experimental results are well described with this unique expression even in the case when the diffusion approximation is not valid. Such a data processing gives the value of prefactor some times lower than unity. Some authors connect this fact with the influence of electron-electron interaction, [9] but in most papers it is not discussed. There are some other characteristics of the 2D system such as correlations in impurity distribution, long-range potential fluctuations, inhomogeneity of the sample investigated, which can influence on the quantum correction to the conductivity, but it is difficult and sometimes impossible to investigate such effects analytically because of mathematical difficulties arising in the theoretical approach.
An alternative approach, which allows one to circumvent these difficulties and make a detail analysis of magnetoconductance behaviour under changes of the system parameters, is a numerical simulation. We have simulated the particle motion over the plane with scattering centers in it and investigated the statistics of closed paths. (2) in the case when the diffusion approximation is not valid. In the present paper we shall focus our attention only on the case of isotropic scattering and randomly distributed scatters. The paper is organized as follows. In the next section the details of simulation procedure are given. In Section III the statistics of closed paths is presented. The simulation data are compared with those obtained in the framework of the diffusion theory and experimental results. In Section IV the magnetic field dependence of negative magnetoresistance of the model 2D system are presented and analyzed. Both coherent backscattering and nonbackscattering contributions to magnetoconductance are considered.
II. SIMULATION DETAILS
The model 2D system is conceived as a plain with randomly distributed scattering centers with a given total cross-section. It is represented as a lattice M ×M. The scatters are placed in a part of the lattice sites with the use of a random number generator. We assume that a particle moves with a constant velocity along straight lines which happen to be terminated by collisions with the scatters. The following algorithm has been realized in computer to obtained the information about the statistics of closed paths:
1. A start point is chosen near the center of the lattice; 2. A particle moves from the start point in a random direction; 3. If the particle passes in the vicinity of some scatter at a distance less than s/2, where s is the total cross-section of the scatter, the collision is considered to take place;
4. Then a scattering angle is randomly generated and the particle begins to move in the new direction until the next collision occurs. The distances between two sequential collisions are stored in order to calculate the mean free path;
5. If the trajectory of the particle passes near the start point at the distance less than d/2
(where d is a prescribed value, which is small enough), it is perceived as being closed.
Its length l i , enclosed algebraic area S i , and the angle θ i between the first and the last segments of the trajectory are calculated and kept in memory. Then, the particle continues moving in the same direction. Notice that multi-returned trajectories are taken into account. Their length and area are calculated beginning with the start point;
6. Steps 3-5 are repeated until the particle goes out of the lattice or a number of collisions exceeds some large prescribed value N m ; 7. Then, another particle is launched from the start point in a random direction, and steps 3-6 are repeated;
8. After a thousand of starts, a new start point is chosen, and steps 2-7 are repeated, for tens of times;
9. Then a new ensemble of scatters is randomly generated and the whole procedure is done over and over again.
The procedure described allows to find the probability, T , for the trajectory to pass at a distance less than d/2 near the start point, instead of the probability density of return, W , which stands in Eq. (1). But it can be shown (see Appendix) that for d ≪ l these values are connected through the simple relationship W = (dl) −1 T .
All the results presented in the paper have been obtained using the following parameters:
the lattice dimension is 6500 × 6500, the total number of scatters is about 8 × In order to illustrate the 2D system which can correspond to our model in reality, let us set the lattice constant equal to 0.5 nm. In this case our model provides an example of 2D system with the concentration of scatters 7.5 × 10 11 cm −2 , mean free path l = 38.9 nm, and
III. STATISTICS OF CLOSED PATHS

A. Simulation results
It has been shown in Ref. [3] that if we decompose the probability density of return to the origin W as a sum of contributions of paths with N collisions, W N , for each partial contribution a simple expression is valid:
We emphasize that Ex. (3) is exact. It has been obtained for random distribution of scatters of zeroth radius. Corresponding simulation results for our model system are presented in The matter is that the scatters are placed discretely rather than continuously as in the theoretical approach. They cannot lie closer than one unit cell of the lattice. This leads to the fact that unlike the theory a distance between two sequential collisions in our model is always greater than some critical value of the order of lattice constant. From this point of view, our model system most closely corresponds to real 2D system, where the ionized impurity distribution is discrete and correlated to some extend due to Coulomb repulsion at growth temperature. It is easy to show in the framework of theoretical approach Ref. [3] that To understand what statistic characteristics of closed paths determine the magnetic field dependence of magnetoconductance, let us rewrite expression (1) in the following form
If we introduce the value w N (S) in such a way that w N (S)dS gives the probability density of return after N collisions following a trajectory, which encloses the area in the range (S, S + dS), in the presence of a magnetic field Eq. (4) can be written as follows
Here, only paths with N ≥ 3 are taken into account, because the paths with N = 1, 2
have zero areas and their contributions are not influenced by the magnetic field. In order to take into account inelastic processes destroying the phase coherence we include the factor exp(−L/l ϕ ) in Eq. (5), where l ϕ is the phase breaking length connected with τ ϕ through the Fermi velocity, l ϕ = v F τ ϕ and replace the summation over N by integration over the path length L. Then, Eq. (5) takes the form
Here, w(S, L)dS gives the density probability of return along a trajectory with the length L and area in the interval (S, S + dS). Only coherent backscattering processes are taken into account in Eq. (6) . Following the authors of Ref. [10] let us introduce the average length L of closed paths with a given area in such a way:
In this case Eq. (6) can be rewritten as follows
It is clearly seen that the area distribution function W (S) and function L(S) play a decisive part in the magnetic field dependence of δσ. They can be extracted from experimental data and used, for instance, for investigation of peculiarities of long range potential fluctuations in 2D systems. Figure 3 shows the area distribution function obtained from our numerical simulation.
It is reasonable that W (S) is a diminishing function. As is seen it is difficult to describe W (S) curve by a power function in the whole range of areas. However, for large S the power function S −1 is a good asymptotic of W (S).
The results of our calculation of L(S) for different values of l ϕ are presented in Fig. 4 .
As is seen the smaller the value of γ, i. e. the greater l ϕ , the greater is the average length of closed paths with a given area. For large area values S > ∼ l 2 , the area dependence of L can be described by the power function S β with β slightly depending on the value of γ. As γ changes from 0.1 to 0.01, the value of β varies from 0.55 to 0.62.
Although the particle motion in our model 2D system is a special case of the random walker problem, which is studied well enough, to our knowledge there is no analytical solution of this problem in a wide range of path lengths and areas, involving non-diffusion motion.
There is no theory which could describe analytically the statistics of closed paths with small number of collisions. Below we analyze the simulation results in the framework of diffusion theory.
B. Comparison with diffusion theory
Let us now calculate within the diffusion approximation the quantities w(S, L), W (S), and L(S) introduced in the previous section to describe statistical properties of a random walk. A particle trajectory is regarded as being diffusive when its length is greater than the mean free path, associated with the transport scattering time. According to the diffusion theory the probability density of finding a particle in the vicinity of the point r at the moment t, P (r, t), does not depend on the initial and final velocity directions and obeys the usual diffusion equation
where D is the diffusion coefficient. A solution of the diffusion equation can be written in the form of the Wiener path integral as (see, e.g. [2] )
With help of this formalism we calculate the probability density P for a diffusive walk with a constant velocity v F and the length L = v F t to enclose the algebraic area S
Here the symbol ... P (0,t) stands for averaging with the Wiener measure (11) over all closed trajectories. The expression for P(S, L) can be obtained by making use of relation between this quantity and density of states of a fictitious quantum particle with the mass m = h(2D) −1 in a magnetic field: [11] P(S, L) = π 2lL cosh −2 πS lL .
When obtaining Eq. (13) we have used the expression for the diffusion coefficient D = v 2 F τ /2, and normalized P(S, L) to unity:
The function w(S, L), which is connected with P(S, L) through the diffusion density probability of return, by the following relationship
is shown in Fig. 5 for different L values. In the same figure the results of simulation are presented, too. As would be expected, the diffusion theory describes only the statistics of long trajectories (see corresponding curves labeled 50 l and 500 l in Fig. 5 ). For ballistic trajectories, there is no agreement between the simulation data and the above theory.
To calculate the function W (S), which is given by the Eq. (8), we choose l as the lower cutoff in the integral, because the ballistic trajectories are not described within the diffusion approximation. Using Eqs. (13) and (15) we immediately obtain
In Fig. 3 , the results of calculations of the function 4πl 2 W (S) are presented by the dashed line. As is seen for large areas S > l 2 , the simple diffusion theory describes the simulation results perfectly. For S < l 2 the theory gives the values of W smaller than the simulation data.
In the framework of the diffusion approximation we have calculated the area dependence of the average length of trajectories L, introduced by Eq. (7). The results of numerical calculation are presented in Fig. 4 by the dashed curve. It is evident that the theoretical and simulation results are in good agreement only for S > 10 l 2 .
Let us suggest some improvement of the above theory, which could allow one to describe the statistic of ballistic trajectories as well. As is seen from A good agreement with simulation results is evident for W (S) in the whole area range.
However, such an approach is too rough to describe L-vs-S curves .
Thus, the theoretical analysis shows that the simulation procedure works correctly and allows to use it for analyzing, among other things, the interference quantum corrections to the conductivity.
C. Comparison with experiment
An information about the statistics of closed paths has been obtained in Ref. [10] To calculate δσ we use Eq. (1) assuming that each closed path gives a contribution 1/I s (where I s is a total number of paths) to the probability of return. Each contribution is weighted by the factor exp (−l i /l ϕ ) to take into account the interference distortion by inelastic processes. The final form of the expression for δσ in the case of b = 0 looks as
where summation runs over all closed trajectories. Fig. 6 shows the results of our simulation of δσ as a function of γ = l/l ϕ and, for comparison, the results of theoretical calculation obtained through the well known exact formula
As is seen for γ > ∼ 10 −2 the simulation and theoretical data are almost the same. A strong deviation is observed for γ < 10 −3 where just the trajectories with lengths L ∼ L ϕ = γ −1 l > N m l have to give an essential contribution to δσ value. These trajectories are not considered in our model. Thus, we believe that for γ = l/l ϕ > 10 −2 our model system is equivalent to an unbounded 2D system and the simulation gives correct results.
A. Backscattering contribution
Now we are in position to discuss the magnetoconductance anomaly due to suppression of quantum interference corrections by a magnetic field. To calculate a magnetic field dependence of δσ for our model system we follow the ordinary way: the contribution of each closed trajectory to δσ is multiplied by the factor, which allows for the interference distortion by the magnetic field. The final expression for δσ(b) takes the form:
This formula is not meaningful from the experimental point of view, because the absolute value of quantum correction is not a measurable quantity. The magnetoconductance
The results of calculation of ∆σ(b) for the model system are presented in Fig. 7 for several γ values. They are in excellent agreement with the results of numerical calculations carried out beyond the diffusion approximation in Ref. [7] . This lends support to the correctness of parameters chosen for our model system: the set of parameters used turns out to be suitable to simulate adequately ∆σ(b) in the ranges of b and γ under consideration.
In the same figure the results of calculation of ∆σ(b) in the framework of diffusion approximation with the expression (2) are presented too. It is seen that this formula does not describe the simulated ∆σ(b) curves. Even in the case of γ = 0.01, when the condition γ ≪ 1 is seemingly fulfilled and the diffusion theory should work well, the formula (2) gives the value of ∆σ substantially larger than the simulation data: for b = 0.1 the difference is about 25%.
As discussed above (see Section I) Eq. (2) is widely used by experimenters to extract the values of γ from experimental data. Two fitting parameters are available in such a data processing: just as the value of γ so the prefactor a. To check the validity of this method in the case when the diffusion approximation does not work, we have performed the fitting procedure for ∆σ(b) curves simulated. In Fig. 8 the results of fitting procedure of ∆σ(b) made for γ = 0.1 within two different ranges of magnetic field b ≤ 1, and b ≤ 5 are presented by dotted and dashed curves, respectively. As is seen the simulated curve is best described by Eq. (2) in low magnetic field range. However in both cases the ratio τ /τ ϕ found from the fitting procedure and designated as γ f slightly differs from the value of γ used in the simulation. The difference is about 10% for b ≤ 1 fitting range and 20% for b ≤ 5. The value of prefactor is found to be significantly less than unity.
The results of such a data treatment for several γ values are presented in Fig. 9 . It is clearly seen that the difference 10..30% between γ f and γ takes place for all γ values. The value of prefactor a is always less than unity, and increases with decreasing γ.
B. Nonbackscattering contribution
It has been shown in Ref. [4] that so-called nonbackscattering processes contribute to the weak localization. In our case such processes can be easily taken into account by multiplying each term in Eq. (20) by the factor (1 − cos(θ i )), where θ i is the angle between the first and last segments of the i-th closed path: . It has been shown that the fitting procedure gives τ /τ ϕ ratio, which differs from that used in the simulation by the factor 0.8 − 1.3. The value of prefactor obtained this way is always less than unity.
APPENDIX
For the sake of simplicity we suppose here that the start point coincides with the origin.
For the value of probability T that a trajectory passes near the origin at the distance less than some prescribed value d/2 we can write
where T N is the probability of return after N collisions. The value of T N can be expressed through the probability density to experience the (N −1)-th collision in the point r, W N −1 (r):
where P(r) is the probability that the particle moves without collisions from the point r to the circle of the radius d/2 around the origin. It is easy to show that
Then, for T N we have
For d ≪ l, the inverse tangent in Eq. (25) can be replaced by its argument. Analysis shows that for d/l = 10 −2 (it is true for our case) this gives an error in calculation of T N less than 0.1 % for N ≥ 3. Thus the expression for the probability T becomes
Comparing Eq. (26) with the expression for the probability density W [3,7]
we can conclude that 
